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Abstract
In the present paper, we address a class of the fractional derivatives of constant and
variable orders for the first time. Fractional-order relaxation equations of constants
and variable orders in the sense of Caputo type are modeled from mathematical view
of point. The comparative results of the anomalous relaxation among the various
fractional derivatives are also given. They are very efficient in description of the
complex phenomenon arising in heat transfer.
Key words: Heat transfer, fractional derivative of constant, fractional derivative of
variable order, fractional differential equation, anomalous relaxation.
1 Introduction
Fractional derivatives (FDs) were utilized to model the complex phenomenon
in science and engineering practice [1,2,3,4,5,6,7]. FDs of constant order, e.g.,
RiemannLiouville and Caputo FDs were considered to describe the anomalous
relaxation [2,5,8,9,10]. The Riemann-Liouville type FD of variable-order was
proposed in [11,12] and its extended versions were considered in [13]. The
Caputo type FD of variable-order was developed in [14] and its extended
versions were reported in [15,16].
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Recently, FDs involving the kernels of the exponential and Mittag-Leffler func-
tions were reported in [17,18,19,20,21,22,23,24]. For example, the FD with re-
spect to the kernel of the exponential function in the sense of the Caputo type
was firstly reported in [17,18,19,20] and the FD with the aid of the kernel of
the exponential function in the sense of the Riemann-Liouville type was pro-
posed in [21] and developed in [22]. The FD with the help of the kernel of the
stretched exponential function in the sense of the Caputo type was presented
in [23]. The FDs containing the Mittag-Leffler function kernels in the sense of
the Caputo and Riemann-Liouville types were developed in [24].
Due to the above FDs in the different kernels, a class of the fractional deriva-
tives of constant and variable orders, such as has not been reported. Motivated
by the above ideas, the brief aims of the previous paper are to suggest the FD
of constant order with respect to the Mittag-Leffler function and stretched
Mittag-Leffler and exponential functions kernels in the sense of Gaussian-like
type, the variableorder FDs in the Caputo-Fabrizio, Sun-Hao-Zhang- Baleanu
and Atangana-Baleanu types as well as Mittag-Leffler and exponential func-
tions and their stretched and generalized versions and to present their applica-
tions for handling the anomalous relaxation models in heat-transfer problems.
The paper is structured as follows. In Section 2, we present the concepts
of the FDs of constant and variable orders. In Section 3, the models for the
anomalous relaxation arising in heat-transfer problems are considered. Finally,
the conclusion is outlined in Section 4.
2 FDs of constant and variable orders
Let Ξ (µ) be the differentiable function defined on the interval [a, b], as well as
ℑ (ω) and ℑ (ω (x)) be normalization constants with respect to the orders ω
(0 ≤ ω ≤ 1) and ω (x) (0 ≤ ω (x) ≤ 1) , respectively. For more details of the
normalization constants, readers refer to [17,18,19,20,21,22,23,24].
2.1 FDs of constant order
FD of the Caputo type with respect to the singular power-law kernel is given
by [2,5,10]:
D
(ω)
a+ Ξ (x) =
1
Γ (1− ω)
x∫
a
1
(x− µ)ω
(
dΞ (µ)
dµ
)
dµ, (1)
where a ≤ x, n is an integer, and Γ (·) denotes the Gamma function.
2
FD of the Caputo-Fabrizio type with respect to the exponential kernel, de-
noted by [17,18,19]
y = φ1 (x, ω) = exp
(
− ω
1 − ωx
)
, (2)
is given by:
CFD(ω)x Ξ (x) =
(2− ω)ℑ (ω)
2 (1− ω)
x∫
a
exp
(
− ω
1− ω (x− µ)
)
Ξ(1) (µ) dµ, (3)
where a ≤ x.
For ℑ (ω) = 2/ (2− ω), Eq.(3) is given by [19]:
LNCF
∗
D(ω)x Ξ (x) =
1
1− ω
x∫
0
exp
(
− ω
1− ω (x− µ)
)
Ξ(1) (µ) dµ. (4)
FD of the Sun-Hao-Zhang-Baleanu type with respect to the stretched expo-
nential function, denoted by
y = φ2 (x, ω) = exp
(
− ω
1− ωx
ω
)
, (5)
is given by [23]:
SHZDD(ω)x Ξ (x) =
ℑ (ω)
(1− ω)1/ω
x∫
a
exp
(
− ω
1 − ω (x− µ)
ω
)
Ξ(1) (µ) dµ, (6)
where a ≤ x.
For simplicity, we have [23]
ℑ (ω) = Γ (ω + 1) (7)
such that
SHZDD(ω)x Ξ (x) =
Γ (1 + ω)
(1− ω)1/ω
x∫
0
exp
(
− ω
1 − ω (x− µ)
ω
)
Ξ(1) (µ) dµ. (8)
FD with respect to the Mittag-Leffler function kernel, denoted by
y = φ3 (x, ω) = Eω
(
− ω
1 − ωx
)
, (9)
is defined by:
Y CD(ω)x Ξ (x) =
ℑ (ω)
1− ω
x∫
a
Eω
(
− ω
1− ω (x− µ)
)
Ξ(1) (µ) dµ, (10)
3
where a ≤ x.
FD of the Atangana-Baleanu type with respect to the stretched Mittag-Leffler
function kernel, denoted by
y = φ4 (x, ω) = Eω
(
− ω
1− ωx
ω
)
, (11)
is given by [24]:
ABCD(ω)x Ξ (x) =
ℑ (ω)
1− ω
x∫
a
Eω
(
− ω
1 − ω (x− µ)
ω
)
Ξ(1) (µ) dµ, (12)
where a ≤ x.
FD of the Caputo-Fabrizio type with respect to the Gaussian-function kernel,
denoted by
y = φ5 (x, ω) = exp
(
− ω
1− ωx
2
)
=
∞∑
i=0
(
− ω
1− ω
)i x2i
Γ (1 + i)
, (13)
is given by [20]:
CFD(ω)x Ξ (x) =
1 + ω2√
piω (1− ω)
x∫
a
exp
(
− ω
1 − ω (x− µ)
2
)
Ξ(1) (µ) dµ, (14)
where a ≤ x.
FD with respect to the stretched exponential function kernel in the sense of
Gaussian-like type, denoted by
y = φ6 (x, ω) = exp
(
− ω
1 − ωx
2ω
)
, (15)
is defined by:
GY CD(ω)x Ξ (x) =
1 + ω2√
piω (1− ω)
x∫
a
exp
(
− ω
1− ω (x− µ)
2ω
)
Ξ(1) (µ) dµ, (16)
where a ≤ x.
FD with respect to the stretched Mittag-Leffler function kernel in the sense
of Gaussian-like type, denoted by
y = φ7 (x, ω) = Eω
(
− ω
1 − ωx
2ω
)
, (17)
4
is defined by:
GYGCD(ω)x Ξ (x) =
1 + ω2√
piω (1− ω)
x∫
a
Eω
(
− ω
1− ω (x− µ)
2ω
)
Ξ(1) (µ) dµ, (18)
where a ≤ x.
The LTs of the functions x−1−ω/Γ (−ω) and Eω (−xω) are given by (see [2,12]):
L̂
[
x−1−ω
Γ (−ω)
]
= sω, (19)
L̂ [Eω (−βxω)] = s
ω−1
sω + β
, (20)
respectively, where L̂ is the LT operator with respect to x, and β is a constant.
The LTs of the FDs are as follows:
L̂
[
SHZDD(ω)x Ξ (x)
]
=
ℑ (ω)
(1− ω)1/ω
∞∑
i=0
(
− ω
1− ω
)i Γ (1 + iω)
Γ (1 + i)
[
sΞˆ (s)− Ξ (0)
]
siω+1
,
(21)
L̂
[
Y CD(ω)x Ξ (x)
]
=
ℑ (ω)
1− ω
∞∑
i=0
(
− ω
1 − ω
)i Γ (i+ 1)
Γ (iω + 1)
[
sΞˆ (s)− Ξ (0)
]
si+1
, (22)
L̂
[
GY CD(ω)x Ξ (x)
]
=
1 + ω2√
piω (1− ω)
∞∑
i=0
(
− ω
1− ω
)i Γ (1 + 2ωi)
Γ (1 + i)
[
sΞˆ (s)− Ξ (0)
]
s2iω+1
,
(23)
L̂
[
GYGCD(ω)x Ξ (x)
]
=
1 + ω2√
piω (1− ω)
∞∑
i=0
(
− ω
1 − ω
)i [sΞˆ (s)− Ξ (0)]
Γ (1 + iω) s2iω+1
. (24)
For the details of the LTs of Eqs.(1,3,12), see [2,17,24].
A plot of the different kernels of the FDs for ω = 0.6 is displayed in Figure 1.
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Figure 1. The plot of the different kernels of the FDs forω = 0.6.
2.2 FDs of variable order
Variable-order FD of Caputo type in term of the singular power-law kernel is
given by [15,16]:
D
(ω(x))
a+ Ξ (x) =
1
Γ (1− ω (x))
x∫
a
1
(x− µ)ω(x)
(
dΞ (µ)
dµ
)
dµ, (25)
where a ≤ x and n is an integer.
Variable-order FD of Caputo-Fabrizio type in term of the exponential kernel,
denoted by
y = φ1 (x, ω (t)) = exp
(
− ω (x)
1 − ω (x)x
)
, (26)
is defined by:
V Y CFD(ω(x))x Ξ (x) =
1
1− ω (x)
x∫
a
exp
(
− ω (x)
1 − ω (x) (x− µ)
)
Ξ(1) (µ) dµ, (27)
where a ≤ x.
Variable-order FD of the stretched exponential function in the sense of the
6
Sun-Hao-Zhang- Baleanu type, denoted by
y = φ2 (x, ω (t)) = exp
(
− ω (x)
1− ω (x)x
ω(x)
)
, (28)
is defined by:
V Y SHZDD(ω)x Ξ (x) =
ℑ (ω (x))
1− ω (x)
x∫
a
exp
(
− ω (x)
1− ω (x) (x− µ)
ω(x)
)
Ξ(1) (µ) dµ,
(29)
where a ≤ x.
Generalized variable-order FD of the stretched exponential function, denoted
by
y = φ3 (x, ω (t)) = exp
(
−xω(x)
)
, (30)
is defined by:
GV Y SHZDD(ω)x Ξ (x) =
ℑ (ω (x))
1− ω (x)
x∫
a
exp
(
− (x− µ)ω(x)
)
Ξ(1) (µ) dµ, (31)
where a ≤ x.
Variable-order FD involving the Mittag-Leffler function kernel, denoted by
y = φ4 (x, ω (t)) = Eω(x)
(
− ω (x)
1 − ω (x)x
)
, (32)
is given by:
V Y GCD(ω(x))x Ξ (x) =
1
1− ω (x)
x∫
a
Eω(x)
(
− ω (x)
1− ω (x) (x− µ)
)
Ξ(1) (µ) dµ.
(33)
Generalized variable-order FD involving the Mittag-Leffler function kernel,
denoted by
y = φ5 (x, ω (t)) = Eω(x) (−x) , (34)
is given by:
GV Y GCD(ω(x))x Ξ (x) =
1
1− ω (x)
x∫
a
Eω(x) (− (x− µ)) Ξ(1) (µ) dµ. (35)
The Atangana-Baleanu-type variable-order FD involving the stretched Mittag-
Leffler function kernel, denoted by
y = φ6 (x, ω (t)) = Eω(x)
(
− ω (x)
1− ω (x)x
ω(x)
)
, (36)
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is defined by:
V Y ABCD(ω(x))x Ξ (x) =
1
Γ (1− ω (x))
x∫
a
Eω(x)
(
− ω (x)
1− ω (x) (x− µ)
ω(x)
)
Ξ(1) (µ) dµ,
(37)
where a ≤ x.
Generalized variable-order FD involving the stretched Mittag-Leffler function
kernel, denoted by
y = φ7 (x, ω (t)) = Eω(x)
(
−xω(x)
)
, (38)
is defined by:
GV Y ABCD(ω(x))x Ξ (x) =
1
Γ (1− ω (x))
x∫
a
Eω(x)
(
− (x− µ)ω(x)
)
Ξ(1) (µ) dµ, (39)
where a ≤ x.
The plot of the different kernels of the FDs for ω (x) = x − 1 is displayed in
Figure 2.
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Figure 2. The different kernels of the FDs for ω (x) = x− 1.
The LT of the function x−1−ω(x)/Γ (−ω (x)), given by Coimbra, takes the form
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[28]:
L̂
[
x−1−ω(x)
Γ (−ω (x))
]
= sω(x). (40)
The LT of the function Eω(x)
(
−xω(x)
)
is given by [14]:
L̂
[
Eω(x)
(
−βxω(x)
)]
=
sω(x)−1
sω(x) + β
. (41)
The LTs of the FDs of variable order are as follows:
L̂
[
V Y CFD(ω(x))x Ξ (x)
]
=
1
1− ω (x)
∞∑
i=0
(
− ω(x)
1−ω(x)
)i
Γ (i+ 1)
[
sΞˆ (s)− Ξ (0)
]
si+1
,
(42)
L̂
[
V Y SHZDD(ω(x))x Ξ (x)
]
=
ℑ (ω (x))
1− ω (x)
∞∑
i=0
(
− ω(x)
1−ω(x)
)i
Γ (iω (x) + 1)
[
sΞˆ (s)− Ξ (0)
]
Γ (i+ 1) siω(x)+1
,
(43)
L̂
[
GV Y SHZDD(ω(x))x Ξ (x)
]
=
ℑ (ω (x))
1− ω (x)
∞∑
i=0
(−1)i Γ (iω (x) + 1)
[
sΞˆ (s)− Ξ (0)
]
Γ (i+ 1) siω(x)+1
,
(44)
L̂
[
V Y GCD(ω(x))x Ξ (x)
]
=
1
1− ω (x)
∞∑
i=0
(
− ω(x)
1−ω(x)
)i
Γ (i+ 1)
[
sΞˆ (s)− Ξ (0)
]
Γ (iω (x) + 1) si+1
,
(45)
L̂
[
GV Y GCD(ω(x))x Ξ (x)
]
=
1
1− ω (x)
∞∑
i=0
(−1)i Γ (i+ 1)
[
sΞˆ (s)− Ξ (0)
]
Γ (iω (x) + 1) si+1
, (46)
L̂
[
V Y ABCD(ω(x))x Ξ (x)
]
=
1
Γ (1− ω (x))
sω(x)−1
[
sΞˆ (s)− Ξ (0)
]
sω(x) + ω(x)
1−ω(x)
, (47)
L̂
[
GV Y ABCD(ω(x))x Ξ (x)
]
=
1
Γ (1− ω (x))
sω(x)−1
[
sΞˆ (s)− Ξ (0)
]
sω(x) + 1
. (48)
3 The constant- and variable-order anomalous relaxation problems
arising in heat transfer
The anomalous relaxation in the sense of the constant Caputo, Caputo-Fabrizio,
Sun-Hao-Zhang- Baleanu types and variable-order FD of Caputo type were
discussed in [15,23]. To present the temperature fields in the complex media,
we consider a class of anomalous relaxation equations with the aid of the
FD of constant and variable orders. The anomalous relaxation involving the
variable-order FDs are in line with the result based on the generalized versions.
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Therefore, we consider the LT-type solutions for the anomalous relaxation with
the aid of the generalized FDs of the variable order in this section.
The anomalous relaxation in the sense of the FD with respect to the Mittag-
Leffler function kernel reads
− kY CD(ω)x ΞY C (x) = ΞY C (x) , (49)
with the LT of the solution
ΞˆY C (s) =
kℑ(ω)
1−ω
∞∑
i=0
(
− ω
1−ω
)i Γ(i+1)
Γ(iω+1)
1
si+1
kℑ(ω)
1−ω
∞∑
i=0
(
− ω
1−ω
)i Γ(i+1)
Γ(iω+1)
1
si
+ 1
, (50)
where k is a constant, and ΞY C (0) = 1 is the initial temperature field.
The anomalous relaxation involving the FD with respect to the stretched
exponential function kernel in the sense of Gaussian-like type is
− kGY CD(ω)x ΞGY C (x) = ΞGY C (x) , (51)
with the LT of the solution
ΞˆGY C (s) =
k(1+ω2)√
piω(1−ω)
∞∑
i=0
(
− ω
1−ω
)i Γ(1+2ωi)
Γ(1+i)
1
s2iω+1
k(1+ω2)√
piω(1−ω)
∞∑
i=0
(
− ω
1−ω
)i Γ(1+2ωi)
Γ(1+i)
1
s2iω
+ 1
, (52)
where k is a constant, and ΞGY C (0) = 1 is the initial temperature field.
The anomalous relaxation involving the FD with respect to the stretched
Mittag-Leffler function kernel in the sense of Gaussian-like type can be written
as
− kGY GCD(ω)x ΞGY GC (x) = ΞGY GC (x) , (53)
with the LT of the solution
ΞˆGY GC (s) =
k(1+ω2)√
piω(1−ω)
∞∑
i=0
(
− ω
1−ω
)i
1
Γ(1+iω)
1
s2iω+1
k(1+ω2)√
piω(1−ω)
∞∑
i=0
(
− ω
1−ω
)i
1
Γ(1+iω)
1
s2iω
+ 1
, (54)
where k is a constant, and ΞGY GC (0) = 1 is the initial temperature field.
The anomalous relaxation involving the variable-order FD of Caputo-Fabrizio
type in term of the exponential kernel is:
− kV Y CFD(ω(x))x ΞV Y CF (x) = ΞV Y CF (x) , (55)
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with the LT of the solution
ΞˆV Y CF (s) =
k
1−ω(x)
∞∑
i=0
(
− ω(x)
1−ω(x)
)i Γ(i+1)
si+1
k
1−ω(x)
∞∑
i=0
(
− ω(x)
1−ω(x)
)i Γ(i+1)
si
+ 1
, (56)
where k is a constant, and ΞV Y CF (0) = 1 is the initial temperature field.
The anomalous relaxation in the sense of the variable-order FD of Caputo-
Fabrizio type in term of the exponential kernel is represented as:
− kGV Y SHZDD(ω(x))x ΞGV Y SHZD (x) = ΞGV Y SHZD (x) , (57)
with the LT of the solution
ΞˆGV Y SHZD (s) =
kℑ(ω(x))
1−ω(x)
∞∑
i=0
(−1)iΓ(iω(x)+1)
Γ(i+1)siω(x)+1
kℑ(ω(x))
1−ω(x)
∞∑
i=0
(−1)iΓ(iω(x)+1)
Γ(i+1)siω(x)
+ 1
, (58)
where k is a constant, and ΞGY GC (0) = 1 is the initial temperature field.
The anomalous relaxation involving the FD with respect to the stretched
Mittag-Leffler function kernel in the sense of Gaussian-like type is considered
as:
− kGV Y GCD(ω(x))x ΞGV Y GC (x) = ΞGV Y GC (x) , (59)
with the LT of the solution
ΞˆGV Y GC (s) =
k
1−ω(x)
∞∑
i=0
(−1)iΓ(i+1)
Γ(iω(x)+1)si+1
k
1−ω(x)
∞∑
i=0
(−1)iΓ(i+1)
Γ(iω(x)+1)si
+ 1
, (60)
where k is a constant, and ΞGV Y GC (0) = 1 is the initial temperature field.
The anomalous relaxation in the sense of the variable-order FD of Caputo-
Fabrizio type in term of the exponential kernel is represented as:
− kGV Y ABCD(ω(x))x ΞGV Y ABC (x) = ΞGV Y ABC (x) , (61)
with the LT of the solution
ΞˆGV Y ABC (s) =
k
Γ(1−ω(x))
sω(x)−1
sω(x)+1
k
Γ(1−ω(x))
sω(x)
sω(x)+1
+ 1
, (62)
where k is a constant, and ΞGV Y ABC (0) = 1 is the initial temperature field.
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4 Conclusions
In this work, we suggested a class of the FDs of constant and variable orders
for the first time. The plots of the kernel functions of the different patterns
in were discussed in detail. The LT-type solutions for the anomalous relax-
ations involving the FDs of constant and variable orders were also given. The
proposed formulas are useful to open up the new prospects of describing the
fractional-order heat-transfer equations in the complex media.
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